Statistics Prelim Exam, Stat Method part
10:00 am - 12:30 pm, Wednesday, May 6, 2026
Answer questions by showing all of your work.

Note: identically and independently distributed (i.i.d.)

1. Let X1, ..., X, S Exp(6) with density

1
f(x;@):ge*z/e, x>0,0>0,
and consider testing, for 6; < 6y,
Hy:0 =0, versus Hy:0=204;.

(a) (5 points) Derive the likelihood ratio égz;g and show that it is a monotone function of 7' = > | X.

(b) (10 points) Using the Neyman-Pearson lemma, derive the most powerful (MP) level-a test for testing
Hj versus H;. Express the rejection region in terms of 7.

(c) (15 points) A test is a function ¢(z) € [0, 1], where ¢(x) denotes the probability of rejecting Hy when
the observed data are x. A test has size at most « if Fy,[¢p(X)] < a. Let ¢* denote the MP test from
part (b), and let ¢ be any other test with size at most «. Prove that

Eg, [¢"(X)] = Eo, [6(X)].
2. Let X1,...,X,, beii.d. from the shifted exponential distribution
f(z|a) =exp{—(z —a)} 1{z > a}, a€R.
Denote the sample minimum by Xy = min; Xj.

(a) (10 points) Find the uniformly minimum variance unbiased estimator (UMVUE) of a.

(b) (10 points) Find E[X(Ql) — X(l)Xl].
(c) (15 points) Suppose d; and d2 are both unbiased estimators of a, and both achieve the minimum

variance among all unbiased estimators of a. Let
6*:)\514*(17)\)52, 0< A<l

Is 0* unbiased? Compute Var(6*) and express it in terms of Var(dy), Var(dz), and Cov(dy, d2).

Using the fact that d; and d2 have minimum variance, together with the Cauchy—Schwarz inequality,
show that
61 =05 almost surely, i.e., P(6; = d2) = 1.

3. Let X | p ~ Binomial(n,p) and p ~ Beta(a,b). Here, 0 <p < 1 and 0 < a,b < o0.

(a
(b
(c
(d

) (10 points) Find the Bayes estimator, say p, under squared-error loss.

) (5 points) Show that p is a consistent estimator of p.

) (10 points) Find the limiting distribution of v/n(p — p).

) (10 points) Now suppose p ~ Beta(a,n). Discuss whether the Bayesian estimator is still a consistent
estimator of p. Prove by definition of consistency.



